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Fig. 6 Optimal design parameters for hybrid shapers under uniform
and Gaussian uncertainty in frequency.

As shown in Fig. 6, for ¾ D 0:3 and low damping (³model < 0:13),
the design parameter is � xed at the value ¸ D 1. It is possible to have
¸ > 1, but this will cause the second amplitude A2 to be negativeand
we were interested in positive amplitude shapers [see Eq. (2)]. This
suggests that, when uncertaintiesare very large (and ³model is small),
the best designs or more appropriate designs are those obtained by
taking convex combinations of ZVDD and 2-hump EI shapers.

Conclusions
The expected residual vibration performance measure easily in-

corporates the probability distribution of modeling errors in both
natural frequencies and damping coef� cients. Using this new mea-
sure to analyze several traditional input shaping designs shows that
the EI and multihump shapers yield lower expected residual vibra-
tion than the equivalent length ZVD and derivative-type shapers
for large uncertainties in the natural frequency or large uncertain-
ties in both natural frequency and damping constant. However, the
ZVD and derivativeshapers lead to smaller residualvibration levels
when there is uncertaintyin the damping.The results presentedalso
clearly indicate at what uncertaintylevels the performanceof the EI
and multihumpshapersbecome superior to the ZVD and derivative-
type shapers, and these results are useful in guiding the choice of
the most appropriate type of shaper given the expected variation in
the system parameters.

Finally, the proposed hybrid shaper design provides a useful
method for derivingshapers that can achievenear-minimalexpected
residual vibration levels by adjusting only a single design parame-
ter. This method provides a straightforward procedure without re-
sorting to sophisticatednumerical optimizers. The simplicity of the
hybrid designapproachis valuable for an online adaptivecontroller,
whereas the full optimal designs are more feasible in applications
requiring only of� ine computations.
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Introduction

A TTITUDE computation has played a key role in strapdown
inertial navigation systems because the computed attitude has

been continuously used for transforming the vehicle acceleration
measured by the accelerometersrigidly attached to the host vehicle.
Commonlyusedattitudeupdatingalgorithmsfor strapdownsystems
are the Euler method, the direction cosine method, and the quater-
nion method. Among them, the quaternion method is quite popular
due to the advantagesof its nonsingularity,simplicity,and computa-
tional ef� ciency.1 Further improvements on the quaternion method
have been made possible by Bortz,2 Jordan,3 Miller,4 Ignagni,5 Lee
et al.,6 and Jiang7 using the concepts of rotation vector. It has
been proven that the quaternion updating method with the rota-
tion vector can effectively suppress the noncommutativityerror,4¡7

which is one of the major error sources in numerical solutions of
the attitude equation. The concept for optimizing coning compen-
sation algorithms for strapdown inertial systems was � rst intro-
duced and applied by Miller.4 Ignagni5 showed that, although only
pure coning angular rate environment is considered, the algorithm
optimization procedure is applicable to generalized vibrational
environments.

Recently, Ignagni8 proposed the concept leading to optimal ac-
curacy characteristics and minimum computational throughput re-
quired in a pure coning environment. The algorithms that use the
enhancement concept have the simplest form generating many dis-
tinct sensor-datacrossproductsand optimal coef� cientsminimizing
the coning compensationerror. In this Note, a formalized approach
to determining the optimal coef� cients in the coning algorithms is
proposed. The effectiveness of the proposed approach is demon-
strated by applying not only many of the existingconing algorithms
but also the determination of the optimal coef� cients for six-data-
interval case.

Quaternion Update Using the Rotation Vector
The key operation of the attitude algorithm is to properly update

the quaternionand rotationvector.4 The quaternionupdate NQ.t Ch/
is obtained by the following quaternion multiplication:

NQ.t C h/ D NQ.t/ ¤ Nq.h/ (1)
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Fig. 1 Intervals associated with coning compensation.

where ¤ indicates quaternionmultiplicationand Nq.h/ is an updating
quaternion during the time interval h and is expressed by the usual
quaternion relation, namely,

Nq.h/ D [cos.Á0=2/; .Á=Á0/ sin.Á0=2/] (2)

where Á represents the rotation vector with the magnitude Á0 D
.Á ¢ Á/1=2 . The rotation vector differential equation for small Á can
be approximated as2;9

PÁ D ! C 1
2
Á £ ! C 1

12
Á £ .Á £ !/ (3)

where ! represents the angular rate vector and £ denotes the vector
crossproduct.The last two terms in Eq. (3) are referredto as the non-
commutativity rate vector. It must be determined and compensated
by gyro measurement to maintain the high accuracy of strapdown
attitude algorithms. However, the triple-cross-product term is as-
sumed to be quite small and can be neglected.4;5

In the development of the coning compensation algorithm, it is
assumed that each major attitude interval is divided into a number
of minor intervals, each in turn being divided into a number of data
sample intervalsover which the gyro incrementalangle is measured,
as shown in Fig. 1. It presents the most general representation of
interval inasmuchas no restrictionis placed on the numberof sensor
data intervals contained in a major attitude update interval. It is de-
sirable to update the rotationvector in every minor interval,whereas
the quaternion is updated only once in every major interval.

Formalized Coning Compensation Algorithm
To develop the coning compensationalgorithm, it is assumed that

the body undergoespure coning motion, de� ned by the angular rate
vector

! D aÄ cos Ä¿ I C bÄ sin Ä¿J (4)

where

! = angular rate vector with components expressed in the
body frame

a; b = amplitudes of the angular oscillations in two orthogonal
axes of the body

Ä = frequency associated with the angular oscillations
I; J = unit vectors along the two body axes about which the

oscillations are occurring

The integrated rate vector is determined as

®.¿; ¿m ¡ 1/ D
¿

¿m ¡ 1

! d¿

D a.sin Ä¿ ¡ sin Ä¿m ¡ 1/I C b.cos Ä¿m ¡ 1 ¡ cos Ä¿/J (5)

If the angularrate in Eq. (4) is applied to two axes I andJ, the vehicle
goes through the coning motion for K axis. When one period of the
coning motion is completed, the drift error, which is the component
of the noncommutativityerror, is generated in the I and J axes.

Let us de� ne the coning correction over a minor computational
interval from ¿m ¡ 1 to ¿m as10

±Ám D 1

2

¿m

¿m ¡ 1

®.¿; ¿m ¡ 1/ £ ! d¿ (6)

The relationship between the rotation vector and the coning correc-
tion term will be given in Eq. (18).

Applying the coning motion in Eqs. (4) and (5) to Eq. (6), we
obtain

±Ám D .abÄ=2/[T ¡ .1=Ä/ sin ÄT ]K (7)

The coning correction given by Eq. (7) reveals an interesting prop-
erty in that it does not depend on the index m, which designatesmth
minor interval. Rather, it depends only on the duration of the minor
interval T .

For the coning environment de� ned by Eq. (6), the incremental
angular rate over a data sample interval of duration 1T from tk ¡ 1

to tk is

1µ.k/ D ®.tk ; tk ¡ 1/ D a.´ sin Ätk ¡ 1 C º cos Ätk ¡ 1/I

C b.º sin Ätk ¡ 1 ¡ ´ cos Ätk ¡ 1/J (8)

where ´ D cos ¸ ¡ 1, º D sin ¸, and ¸ D Ä1T .
The cross product of two incremental attitude vectors 1µ.i/ £

1µ. j/ taken over by different data sample intervals becomes8

1µ.i/ £ 1µ. j/ D abf2 sin[. j ¡ i/¸]

¡ sin[. j ¡ i C 1/¸] ¡ sin[. j ¡ i ¡ 1/¸]gK (9)

As it can be seen in the coning correction of Eq. (7), the value of
the cross product of two attitude increments is independent of the
absolute time, but depends only on a multiple of the interval 1T .
Hence, it can be seen that Eq. (7) can be approximated by using
Eq. (9).

Lee et al.6 introduced the concept of distance between the cross
products in Eq. (9). It was found that cross products with equal dis-
tance behave exactly the same for coning inputs. Taking advantage
of this property allows a generalized form for the coning integral
algorithm such as8

± OÁm D
n

j D n ¡ p C 1

k2n ¡ j 1µm ¡ 1. j/C
n ¡ 1

i D 1

kn ¡ i 1µm.i/ £1µm .n/

(10)

where n is the number of sample for mth minor interval, p is the
number of sample for .m ¡ 1/th minor interval, 1µm .i/ is i th gyro
sample for mth minor interval, 1µm ¡ 1. j/ is j th gyro sample for
.m ¡ 1/th minor interval, and k2n ¡ j and kn ¡ i are the respective
constants for distance 2n ¡ j and n ¡ i for 1µm .n/.

Substituting Eq. (9) into Eq. (10), we obtain

± OÁm D ab[kn C p ¡ 1f2 sin.n C p ¡ 1/¸ ¡ sin.n C p/¸

¡ sin.n C p ¡ 2/¸g C ¢ ¢ ¢ C knf2 sin n¸ ¡ sin.n C 1/¸

¡ sin.n ¡ 1/¸g C ¢ ¢ ¢ C k1f2 sin ¸ ¡ sin 2¸ ¡ sin 0¸g]K (11)

Expanding each term in Eq. (11) using the Taylor series, the coning
correction over the minor interval is obtained as

± OÁm D ab [A11k1 C A12k2 C ¢ ¢ ¢ C A1 j ¡ 1kn C p ¡ 2

C A1 j kn C p ¡ 1]¸
3 ¡ [A21k1 C A22k2 C ¢ ¢ ¢ C A2 j ¡ 1kn C p ¡ 2

C A2 j kn C p ¡ 1]¸
5 C ¢ ¢ ¢ C .¡1/i C 1[Ai1k1 C Ai2k2

C ¢ ¢ ¢ C Ai j ¡ 1kn C p ¡ 2 C Ai j kn C p ¡ 1]¸2i C 1 C ¢ ¢ ¢ K (12)

where Ai j is a constant de� ned as

Ai j D . j C 1/2i C 1 ¡ 2 ¢ j 2i C 1 C . j ¡ 1/2i C 1

.2i C 1/!
(13)

To � nd ki .i D 1; 2; : : : ; n C p ¡ 1/ in Eq. (12), the true coning
correction in Eq. (7) is expanded using the Taylor series, and it
becomes

±Ám D
ab

2

.ÄT /3

3!
¡ .ÄT /5

5!
C ¢ ¢ ¢ K

D ab c1¸3 ¡ c2¸
5 C ¢ ¢ ¢ ¡ .¡1/i ci ¸

.2i C 1/ C ¢ ¢ ¢ K (14)

where ci is de� ned as

ci D
n.2i C 1/

.2i C 1/! £ 2
(15)
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Suppose that the numberof total sample N is p C n, then thenumber
of unknown parameters ki is N ¡ 1. Using Eqs. (12) and (14),
the simultaneous equation for the unknown parameter ki can be
expressed as follows:

[Ai j ] [ki ] D [ci ] .i D 1; : : : ; N I j D 1; : : : ; N /
.N £ N / .N £ 1/ .N £ 1/

(16)

Once n and p are selected, the corresponding optimal coning
compensation algorithm can be designed by the following proce-
dure. First, the constants Ai j and ci are calculated from Eqs. (13)
and (15), respectively.Second, the unknown coef� cient ki is solved
by Eq. (16). Finally, the optimal coning compensation algorithm is
obtained by inserting ki into Eq. (10). Using the formalized proce-
dure,we can easily design optimal coning compensationalgorithms
for any combinations of n and p.

Furthermore,ki in Eq. (16) can be simplyexpressedusinga matrix
equation.For the casewhen thenumberof total sample is less thanor
equal to seven, the optimal set of coef� cients satis� es the following
matrix equation:

N D 2 N D 3 N D 4 N D 5 N D 6 N D 7
1 2 3 4 5 6
1

4

3

2

19

4
11

85

4

73

2
1
40

23
60

289
120

283
30

667
24

4069
60

17
12;096

311
6048

827
1344

12;071
3024

214;453
12;096

41;021
672

31

604;800

437

100;800

58;213

604;800

153;851

151;200

816;167

120;960

9;852;733

302;400
1

760;320

289

1;140;480

23;417

228;096

99;641

570;240

3;914;431

2;280;960

2;636;935

228;096

k1

k2

k3

k4

k5

k6

D

n3

12
n5

240
n7

10;080
n9

725;760
n11

79;833;600
n13

12;454;041;600

(17)

Hence, ki can be obtained by matrix inversion and multiplication.
After ki are determined, the optimal coning algorithmcan be found
by using Eq. (10).

Computed from Eq. (12), ± OÁm is later used for updating the rota-
tion vector Ám over the mth minor interval such as7;8

Ám D Ám ¡ 1 C µm C 1
2
Ám ¡ 1 £ µm C ± OÁm (18)

where µm is representedby thegyro samplesover mth minor interval
as follows:

µm D
n

i D 1

1µm .i/ (19)

Next the algorithmerror is derived to analyze the performanceof
the optimal coning compensationalgorithm.The basic relationships
used in deriving the optimal algorithm coef� cients can also be em-
ployed in establishing the accuracy associated with each algorithm
in a pure coning environment. The error " is de� ned as the error
contained in approximation as follows:

" D ± OÁm ¡ ±Ám (20)

Substituting Eqs. (12) and (14) into Eq. (20), it is found that the
most dominant error in " is

Á" D
n¡2. p C n/ £ . p C n/!

2.p C n C 1/ £ . p C n/ C 1
k D 1 .2k ¡ 1/

ab.ÄT /2.p C n/ C 1 .rad/

(21)

Note that the algorithm error mainly depends on the total number
of samples.

Algorithms
It is well known4;6 that the multiple sample algorithm is superior

to the single sample algorithm for high-frequencybase motion be-
cause the error in updating the rotationvectordependsmainly on the
numberof gyro samples,and manyconingcompensationalgorithms
havebeenpreviouslydevelopedaccordingly.In this section,thecon-
ing errorcompensationalgorithmand the resultingerrorsforvarious
number of samples are derived using the proposed procedure.

Each algorithm is obtained, accordingly, from Eqs. (13), (15),
(16), and (10). The corresponding error is also obtained from
Eq. (21).

Algorithm 1 (Three Samples and One Previous Sample)
When using three present samples and one previous sample, n D

3, p D 0, and N D 3. Using Eq. (17) k1 and k2 can be computed.
Then, the algorithm becomes

± OÁm D 3
280

1µm ¡ 1.3/ C 57
140

1µm.1/ C 393
280

1µm.2/ £1µm .3/

(22)

and the error becomes

Á" D
ab

420
¸9 D

ab

8;266;860
.ÄT /9 (23)

This result is identical to Jiang’s result6 and Ignagni’s result.8

Algorithm 2 (Four Samples)
In this case n D 4, p D 0, and N D 4, and the algorithmbecomes

± OÁm D 18

35
1µm.1/ C 92

105
1µm.2/ C 214

105
1µm.2/ £ 1µm.4/

(24)
and the error becomes

Á" D
ab

315
¸9 D

ab

82,575,360
.ÄT /9 (25)

This result is identical to the one presented in Refs. 5 and 8. The re-
sultingerrorof Eq. (25)has the samepowerofÄT as thatofEq. (23).
Hence, it can be seen that the magnitude of error depends mainly
on the total number of gyro samples rather than on the number of
samples in the minor interval.

Algorithm 3 (Five Samples)
The � ve-sample algorithm has been recently introduced by

Ignagni.8 In this case n D 5, p D 0, and N D 5. Then the algorithm
becomes

± OÁm D 125

252
1µm .1/ C 25

24
1µm .2/ C 325

252
1µm .3/

C
1375

504
1µm .4/ £ 1µm.5/ (26)
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and its error becomes

Á" D 5ab

5544
¸11 D

ab

54;140;625;000
.ÄT /11 (27)

Algorithm 4 (Six Samples)
The six-sample algorithm has not been previously introduced.

However, using the proposed method it can be easily accomplished.
In this case n D 6, p D 0, and N D 6, and ki can be calculated
from Eq. (17) as follows:

k1 D 15,797
4620

; k2 D 3917
2310

; k3 D 608
385

(28)

k4 D 2279
2310

; k5 D 463
924

Hence, the algorithm becomes

± OÁm D [k51µm.1/ C k41µm.2/ C k31µm.3/

C k21µm .4/ C k11µm .5/] £ 1µm .6/ (29)

Its error can also be calculated from Eq. (21), and it becomes

Á" D
ab

4004
¸13 D

ab

52;295;018;840;064
.ÄT /13 (30)

The error for six-sample algorithm has the 13th power of ÄT , and
it concurs with the earlier statement that the magnitude of error
depends mainly on the total number of samples.

Conclusion
In this Note, a formalized approach to obtaining optimal coef� -

cientsfor strapdownconingcompensationalgorithmsis proposed.It
is shown by examples that optimal coef� cients for the existing atti-
tude algorithmsand the six-data interval case can easily be obtained
using the proposed approach.The main advantageof using the for-
malized approach is its easy applicationsto various combinationsof
sample numbers.Thus, it enables the attitudealgorithmdesignersto
choose the most effective coning compensation algorithm for their
attitude computation speci� cations ef� ciently.
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I. Introduction

T HE possible occurence of � utter is an important factor that
slows down the aircraft � ight envelope clearance because it

is not very well known in advance and might have catastrophic
consequences. Any improvement in predicting the aircraft � utter
boundary might, therefore, simultaneously impact the safety and
cost of the � ight test process.1

Several techniques exist to predict � utter boundaries.The � rst is
to track the damping ratios of all � exible modes of the aircraft2:
Proximity to � utter is declared when one or more damping ratios
are approaching zero. Accurate � utter boundary predictions based
on this approach require the aircraft to be very close to the actual
� utter boundary. This method is nevertheless very popular because
it is computationally inexpensive.

Another way to predict the � utter boundary is to develop and use
analytical models of aircraft � exible dynamics and unsteady aero-
dynamic forces. The structural part of the model is obtained from
� nite element analysis, whereas unsteady aerodynamic forces are
approximatedusing standard linear systems theory.3;4 In this model,
dynamic pressure and Mach numbers are parameters that may be
varied until the model dynamics are unstable, thus providing an
analytical � utter boundary estimate. From that standpoint, it is sim-
ilar to the so-called p–k iteration method.5 This approach provides
a priori information about possible � utter mechanisms and � utter
boundaries.The quality of the results remains, however, dependent
on modeling accuracy.

In this Note, a simple method is developed to update a physi-
cal aircraft wing mathematical model with wind-tunnel test data to
predict more reliable � utter boundary estimates. The method could
potentially apply to full aircraft models and � ight test data as well.
It uses nonlinear optimization to match the poles of the analytical
model to the experimentally identi� ed poles of the aircraft. From
that standpoint, the proposed method is similar, but not identical
to previous research efforts.6;7 It is experimentally validated on a
wind-tunnel entry.

II. Models and Data for Flutter Boundary Estimation
Analytical Models

A common aircraft aeroelastic model is written in the Laplace
transform domain as4

Ms2´.s/ C Cs´.s/ C K ´.s/ C Nq Q.s/´.s/ D 0 (1)

The � rst three terms M , C , and K correspond to the system’s mass,
damping, and stiffness matrices, respectively.The fourth term rep-
resents the effect of aerodynamics on the system, and Nq D ½V 2=2
is the dynamic pressure. The effect of unsteady aerodynamics is
captured by rational functions of the form

Q.s/ D A0 C A1 Ns C A2 Ns2 C [Ns=.Ns C ¯1/A3] C [Ns=.Ns C ¯2/A4]

with Ns D .b=V /s

Received June 4, 1998; revision received Sept. 5, 1998; accepted for
publication Sept. 8, 1998. Copyright c° 1998 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

¤Graduate Research Assistant, Department of Aeronautics and Astro-
nautics, 77 Massachusetts Avenue; currently Engineer, Propulsion Systems
Analysis Department, Pratt and Whitney. E-mail: turevska@pweh.com.

†Assistant Professor, Department of Aeronautics and Astronautics, Room
33-217, 77 Massachusetts Avenue. E-mail: feron@mit.edu. Senior Member
AIAA.

‡Associate Professor,Department ofAeronautics and Astronautics,Room
33-103, 77 Massachusetts Avenue. E-mail: jdpaduan@mit.edu. Member
AIAA.


